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Abstract
Cosmology is becoming an important tool to test particle physics models. We
provide an overview of the standard model of cosmology with an emphasis on
the observations relevant for testing fundamental physics.
1 Introduction
Cosmology is the only part of physics which has the whole universe as its area of research. As such it
covers a vast range of scales. Energy scales go from the present day temperature of 10−4 eV upto the
Planck scale 1019 GeV. It aims to describe the evolution of the universe from its very beginning upto
today where it has an estimated age of the order of 1010 years. Due to its very nature of understanding
the universe as a whole cosmology needs input from very different areas of physics. These naturally in-
clude astrophysics and theories of gravitation, but also plasma physics, particle physics and experimental
physics.
Over the last two decades cosmology has entered a data driven era. A turning point were the first
observations with upto then unprecedented precision of the cosmic microwave background (CMB) with
the COBE satellite in 1990 [1–3]. Since then there have been a variety of CMB experiments, ground
based such as the Atacama Cosmology telescope (ACT) [4] in Chile, the South Pole telescope (SPT) [5]
at the South Pole, with balloons such as Boomerang [6], two more satellites, namely the Wilkinson
Microwave Anisotropy Probe (WMAP) [7] and Planck [8] and more experiments are planned for the
future. The first systematic study of the structure in the local universe was the Center for Astrophysics
(CfA) survey of galaxies [9]. One of the most recent ones is the Sloan Digital Sky Survey III [10] with
SDSS IV [11] already underway. In 2019 the launch of the ESA mission EUCLID is planned. Its goal
is to measure shapes and redshifts of galaxies upto redshifts of z ∼ 2 thereby allowing to determine the
evolution of the recent universe since the time when dark energy became important [12].
In these lectures we will start with the evolution of the universe on very large scales where it is, to
a high degree, isotropic and homogeneous. This will be followed by a description of the thermal history
of the universe from very early times upto the present epoch including the key events. Observations
show that the universe is not perfectly isotropic. At the largest scales this manifests itself in the small
temperature anisotropies ∆TT ∼ O(10−5) in the CMB. These are an imprint of the density perturbations
which provided the seeds from which all large scale structure such as galaxies have developed. Therefore
the second part of the lectures is dedicated to the inhomogeneous universe, the origin of the temperature
anisotropies and polarization of the CMB and large scale structure. The third and last part deals with the
two big unknowns in our universe. Different observations such as from the CMB, large scale structure
and high redshift supernovae pinpoint the cosmological parameters to around 4% baryonic matter, 25%
of cold dark matter and about 71% of dark energy. From the data the physical properties of these com-
ponents can be constrained. However, upto the present it is neither known what constitutes dark matter
nor dark energy. There are many proposals, some of which are rather exotic, but none stands out as a
”natural” model.
There are already a number of excellent text books which cover different aspects of these lectures,
e.g., [13] [14], [15], [16], [17], [18], [19], [20]. Also the review sections related to cosmology in [21]
provide a very good overview.
2 The homogeneous universe
Observations such as the high degree of isotropy of the CMB indicate that globally the universe is well
described by a spatially homogeneous and isotropic model. These are the Friedmann-Robertson-Walker
solutions of general relativity to which a brief introduction can be found in appendix A. Spatial ho-
mogeneity and isotropy mean that physical conditions are the same everywhere and in each direction. It
allows to choose a coordinate system such that the four dimensional space time is described by a foliation
of spatial hypersurfaces at constant time and the metric is given by
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
. (1)
The parameter k labels the different choices of spatial curvature. It takes the values k = 0 for a flat
universe, k = +1 for a closed universe and k = −1 for an open universe. The coordinates r, φ and
θ determine the spatial comoving coordinates on each constant time slice. These coordinates do not
change during the evolution of the universe or, in other words, from one constant time slice to the next
one. However, as the universe is not static this leads naturally to the notion of physical coordinates
as well as physical scales. As an example, consider two nearby observers (or galaxies or any other
astrophysical object) and assume that at some fixed time t1 they are separated by a distance ℓ1. Because
of the expansion of the universe all physical scales are multiplied by the scale factor a(t) so that ℓ1 =
a(t1)ℓcom. Hence, at some later time t2 the physical distance between the two objects is given by ℓ2 =
a(t2)ℓ1/a(t1). Quite often the scale factor today is set to one, a(t0) = 1, in which case at present
comoving and physical scales coincide 1. Here we have introduced another common choice, i.e. to
denote the present epoch by an index "0". Choosing the coordinate system accordingly the physical
radial distance is given by
dp =
∫ r
0
adr′
(1− kr′ 2) 12
≡ a(t)f(r). (2)
Thus the physical distance between two objects changes locally at a rate vp = a˙f(r) = a˙adp(t) =
H(t)dp(t), where H ≡ a˙a is the Hubble parameter. In this section a dot indicates the derivative w.r.t.
cosmic time t. Applied to the present epoch vp = H0dp which is also known as Hubble’s law. In an
expanding universe this is a recession velocity which was first observed in galaxies by Edwin Hubble
in 1929. Present observations give a value of the Hubble constant close to 70 km s−1Mpc−1. There
are some variations in the value of H0 depending on which data are used resulting in a certain tension
between different data sets. For example, from observations of supernovae in combination with Cepheid
variables H0 = (73.8±2.4) km s−1Mpc−1 [22] and from the Planck 15 temperature data combined with
the Planck 15 gravitational lensing reconstruction the Hubble parameter is found to be H0 = (67.8±0.9)
km s−1Mpc−1 [23].
An important question is how this recession velocity can actually be measured. The answer lies
with the observation of cosmological redshift. Consider a distant galaxy at radial coordinate r1 which
emits light at some time t1 at, say, wavelength λe which is observed by an observer at r = 0 at the
present time t0 at a wavelength λo. Light travels along null geodesics so that ds2 = 0 implying for radial
null geodesics ∫ t0
t1
dt
a(t)
=
∫ r1
0
dr
(1− kr2) 12
= f(r1). (3)
Light emitted at a time t1 + δt1 reaches the detector at a time t0 + δt0. Since f(r1) is a constant and it
is assumed that the source has no peculiar motion,∫ t0
t1
dt
a(t)
=
∫ t0+δt0
t1+δt1
dt
a(t)
⇒
∫ t1+δt1
t1
dt
a(t)
=
∫ t0+δt0
t0
dt
a(t)
. (4)
1Note, however, that in this case the curvature parameter k has to be appropriately rescaled in the case of a non flat universe.
2
Thus for small δti, i = 0, 1, (λcδti ≪ cti) and approximating a(t) ∼ const. during the time interval of
integration it follows that δt1/a(t1) = δt0/a(t0) so that
1 + z ≡ λ0
λ1
=
a(t0)
a(t1)
(5)
where z is the redshift. This cosmological redshift is a direct consequence of the expansion of the
universe. In case, the scale factor is diminishing a blue shift is observed. In Fig. 1 an example of the
observation of cosmological redshift in the spectrum of a galaxy at redshift z = 0.1437 together with a
reference spectrum of a star at z = 0 is shown.
It is difficult to measure distances at very large scales even more so because of the expansion of the
universe. In cosmology there are two important distance measures which are the luminosity distance and
the angular diameter distance. These rely on the fact that the flux and the angular size of an object could in
principle be known. This means that if the observer has independent knowledge of its absolute luminosity
or its physical size its distance can be estimated. Objects whose absolute luminosity or physical size are
available define the classes of standard candles or standard rulers, respectively. Distances obtained for
these objects are the luminosity distance and angular diameter distance, respectively. The luminosity
distance DL is defined by
DL =
(
L
4πℓ
) 1
2
, (6)
where L is the absolute luminosity and ℓ is the visible luminosity which is received by the observer. To
determine its evolution with redshift consider a source located at a point P at a coordinate distance r and
emitting a signal at some time t, as illustrated in Fig. 2. An observer at a point P0 observes the signal at
a time t0. The absolute luminosity is the energy flux (=energy/time) and the visible luminosity ℓ is the
energy flux density (=energy/(time×surface)). The rates of emission and reception of photons are related
by (δt0)−1/(δte)−1 = a(t)/a0. Thus the absolute luminosity L = Ee/δte = hc/λeδte and the visible
luminosity ℓ = E0/(4πa20r2δt0) = hc/(4πa20r2λ0δt0) resulting in
DL = a0r(1 + z). (7)
Hubble’s law implies locally that an object moves away from the observer with a velocity proportional
to its physical distance. Expanding the scale factor beyond linear order leads to
DL ≃ H−10
[
z +
1
2
(1− q0)z2 + ...
]
(8)
where q0 is the deceleration parameter today which in general is defined by q ≡ −aa¨a˙2 . In order to
determine the luminosity distance it is necessary to find objects with a known absolute luminosity which
can be used as standard candles. Cepheids provide one example of standard candles which have been
used frequently in the past. These are variable stars with a regular change in their apparent magnitude
whose period is related to their absolute luminosity. Another class of standard candles are Type Ia
supernovae (SN Ia) which have a well known light profile (cf. e.g [25], [26]). They are found in binary
systems formed when one of the stars is accreting material from the other star. Reaching a critical mass
limit leads to a thermonuclear explosion and subsequently to a sudden increase in the observed light
curve. These light curves are well known and can be observed at cosmological distances as they can
reach luminosities upto 1010 times the luminosity of the sun. The observations of SN Ia have been
particularly important in establishing that the expansion of the universe is accelerating in the current
epoch.
The other important distance measure is the angular diameter distance DA which generalizes the
concept of the parallax. It is defined by requiring that the angle θ over which the object extends is
3
Fig. 1: Observing the cosmological redshift. Upper panel: A reference spectrum of a star at redshift z = 0. Lower
panel: Spectrum of galaxy SDSS J094359.79+002108.7 at redshift z = 0.1437. Marked by a red circle is in both
spectra the Hα line of the Balmer series of hydrogen (λ = 6564.7Å at rest, i.e. at z = 0). The red arrow in
the lower panel indicates the shift of the Hα line (as well as the other spectral lines) towards the long wavelength
part of the spectrum due to the expansion of the universe, implying that in this case a cosmological redshift is
observed. Whereas in the case of the reference spectrum (upper panel) the line is an absorption line in the case
of the spectrum of the galaxy (lower panel) it is an emission line. The figures have been done using spectra taken
from Data Release 7 (DR7) of the Sloan Digital Sky Survey, SDSS-II [24]. The spectra have been obtained from
http://skyserver.sdss.org/dr7/en/tools/.
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Fig. 2: A point source situated at P is emitting radiation isotropically which is received by an observer at P0 at
a coordinate distance r. Knowing the absolute luminosity of the point source allows the observer to determine its
luminosity distance DL.
Fig. 3: The angular diameter distance DA is defined in such a way that θ = s/DA where s = a(t1)r1θ is the
physical extension of the object.
given, just as in Euclidean space, that is, by the ratio of the transverse size s over the distance DA to the
object (cf Fig. 3). Assuming that the extended source at a redshift z1 is emitting light at a time t1 and is
located at a comoving radial distance r1 then for small angles θ, the angular diameter distance is given
by DA = a(t1)r1. Comparing this with the expression of the luminosity distance DL (cf. Eq. (7)) it is
found that
DA
DL
= (1 + z)−2. (9)
The angular diameter distance DA is only useful if the angular extension of the source is known which in
general is a difficult task to measure at cosmological distances. As such it relies on a standard ruler. As
will be seen in the next section such a standard ruler does exist in the early universe and is imprinted in the
observed angular power spectrum of the temperature fluctuations of the cosmic microwave background.
Due to the high degree of symmetry of the Friedmann-Robertson-Walker (FRW) solutions the
description of the evolution of the universe becomes particularly simple. The evolution of the background
geometry is encapsulated in one time dependent function which is the scale factor a(t). In the physically
relevant cases matter is described by a perfect fluid determined by its energy density ρ(t) and pressure
p(t). These are related by an equation of state which has a rather simple form, p = wρ, where w is a
constant. In this case the evolution of the background is described by the Friedmann equations
H2 +
k
a2
=
8πG
3
ρ (10)
a¨
a
= −4πG
3
(ρ+ 3p) (11)
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where H = a˙a is the Hubble parameter. The evolution of matter is determined by
ρ˙+ 3H(ρ+ p) = 0. (12)
In the standard model of cosmology the universe is initially very hot and dense before cooling down as it
expands. Thus initially it is dominated by radiation, subsequently by non relativistic matter and at present
day by an effective cosmological constant, otherwise also called dark energy which will be discussed in
more detail in section 3. These different epochs are described by a perfect fluid with equation of state
with w = 13 for radiation, w = 0 for non relativistic matter and w = −1 for an effective cosmological
constant. The energy density scales as ρ ∼ a−4 for a radiation dominated universe and as ρ ∼ a−3 for a
matter dominated universe. In a flat universe (k = 0) it is found that the scale factor evolves as a ∼ t 12
in a radiation dominated universe and as a ∼ t 23 in a matter dominated universe. An important quantity
in cosmology is the dimensionless density parameter Ω which is defined by
Ω ≡ ρ
ρcrit
(13)
where ρcrit ≡ 3H28πG is the critical energy density which corresponds to the total energy density of a flat
FRW universe. Using this definition the Friedmann equation takes the form
k
H2a2
= Ω− 1. (14)
Moreover, including the different contributions to the total energy density explicitly, then
H2 =
8πG
3
ρR +
8πG
3
ρM − k
a2
+
Λ
3
(15)
which, with the appropriate definitions, can be written as a constraint equation on the sum of the density
parameters,
Ωr +Ωm +ΩΛ − ΩK = 1. (16)
Here ΩR = Ωγ + Ων includes radiation (photons) Ωγ = ργ/ρcrit and relativistic matter such as light
neutrinos Ων = ρν/ρcrit. Non relativistic matter Ωm = Ωb + Ωc has contributions from baryons Ωb =
ρb/ρcrit and cold dark matter Ωc = ρc/ρcrit. The cosmological constant term or dark energy is ΩΛ =
Λ/3H2 and the curvature term ΩK = k/(a2H2). Best fit values of 68% confidence limits on the present
day values of the density parameters from observations of the cosmic microwave background give for the
standard 6-parameter ΛCDM model from the Planck 15 data [23]: H0 = (67.31± 0.96) km s−1Mpc−1,
Ωm = 0.315 ± 0.013, ΩΛ = 0.685 ± 0.013. Including spatial curvature as a free parameter gives the
95% limit ΩK = −0.052+0.049−0.055. In Fig. 4 the distribution of the main contributions are shown for Planck
15. In section 3 we will discuss the nature of these contributions of which only the baryonic contribution
is understood which only makes up about 5% of the total energy density in the universe (cf Fig. 4).
The standard model of cosmology describes the evolution from its very early stages upto the
present. The underlying model is the rather simple flat Friedman-Robertson-Walker model which in a
sense is quite remarkable. The Friedman-Robertson-Walker solutions for a standard type of matter such
as relativistic or non relativistic particles or radiation generally have an initial curvature singularity which
is a consequence of the Penrose-Hawking singularity theorems. In the standard model of cosmology, also
known as the big bang model, the universe evolves from a very tiny, very hot initial state to the present
day very large and rather cold state as indicated by the observed temperature of the cosmic microwave
background of 2.73 K. In the following we will give a brief overview of the milestones in the evolution of
the universe (cf., e.g., [27]). Before times marked by the Planck time t ∼ 10−43s nothing is really known
since general relativity as a classical theory is not valid anymore. At later times, for temperatures below
6
Fig. 4: Distribution of contributions to the total energy density at present from Planck 15 best fit parameter.
T < 1019 GeV all particles of the standard model of particle physics constitute the primordial, relativistic
plasma. At temperatures 100-300 MeV, at a time of the order of 10−5 s the quark-gluon phase transition
takes place and free quarks and gluons combine to form baryons and mesons. The next important epoch
is primordial nucleosynthesis when the universe has cooled down to temperatures between 10 and 0.1
MeV, corresponding to times between 10−2 to 102 s. During this time light elements are produced such
as hydrogen, helium-4, deuterium, lithium and other light elements. Observations of the primordial
abundances of these elements provide the possibility to test the standard model of cosmology very deep
into its very early evolution. As will be discussed below in more detail, during this epoch light, standard
model neutrinos decouple at around 1 MeV from the rest of the cosmic plasma. At around 1 eV, at a
time 1011 s, matter-radiation equality takes place when the energy densities in relativistic (“radiation”)
and non relativistic matter (“matter”) are equal. At this moment the evolution of the universe changes
from radiation dominated to matter dominated. Recombination takes place at around 1012 to 1013 s when
the plasma cooled down enough so that electrons and nuclei form neutral atoms. Shortly afterwards the
photons decouple from the cosmic plasma, the universe becomes transparent to radiation which today
is observed as the cosmic microwave background (CMB). The temperature of the CMB is not perfectly
isotropic but there are small deviations from the background isotropy. Moreover, the radiation is linearly
polarized (which one would not expect from Thomson scattering of a random, isotropic ensemble of
electrons). These CMB anisotropies can be used to test models of the very early universe as will be
discussed in the next section. The temperature fluctuations in the CMB are caused by perturbations
in the density field. At later times, under the influence of gravity, some of these fluctuations become
gravitationally unstable leading to the first generation of stars which marks the beginning of galaxy
and large scale structure formation. This first generation of stars are thought to be important in the
reionization of the intergalactic medium (IGM). The ionization state of the IGM can be determined
from the observation of light from distant quasars which are active galactic nuclei with extremely large
luminosities. The presence of neutral hydrogen in the IGM along the line of sight can be detected by the
observation of Lyα absorption at wavelengths shorter than (1 + z∗)λLyα in the spectrum of the quasar
assumed to be at a redshift z∗. Moreover, λLyα = 1216 Å is the laboratory wavelength corresponding
to the Lyα absorption line. Observations show that this absorption line is absent upto redshifts z ≃ 6
indicating that the IGM has been completely reionized below this redshift (c.f., more details in section
2).
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The description of physical processes in the early universe such as decoupling and recombination
requires to understand the thermodynamics of the early universe. Early on, during the radiation domi-
nated era the universe is dense and hot. Thermal equilibrium is established by interactions of particles
rapid in comparison with the typical time scale of expansion of the universe. In thermodynamical equi-
librium the number density n, the energy density ρ and the pressure p of a gas of particles without strong
interactions with g internal degrees of freedom is determined in terms of the distribution function f(~p)
in phase space by (cf. e.g., [19])
n =
q
(2π)3
∫
f(~p)d3p (17)
ρ =
g
(2π)3
∫
E(~p)f(~p)d3p (18)
p =
g
(2π)3
∫ |~p|
3E
f(~p)d3p, (19)
where E2 = |~p|2+m2 with m and ~p the mass and 3-momentum of each particle, respectively. In kinetic
equilibrium the distribution function is given by either the Fermi-Dirac or Bose-Einstein statistics. Hence
f(~p) = [exp ((E − µ) /T )± 1]−1 (20)
where µ is the chemical potential, +1 refers to the Fermi-Dirac distribution and -1 to Bose-Einstein
distribution. If the particles are in chemical equilibrium and, say, species i interacts with species j, k, l
such that i + j ↔ k + l then µi + µj = µk + µl. The chemical potential of the photons is set to zero,
µγ = 0. Therefore since a particle (p) and its antiparticle (p¯) annihilate to photons the chemical potential
satisfy µp = −µp¯. In the relativistic limit T ≫ m, T ≫ µ the thermodynamical quantities are given by
ρ =
7
8
π2
30
gT 4 (21)
n =
3
4
ζ(3)
π2
gT 3 (22)
for fermions and
ρ =
π2
30
gT 4 (23)
n =
ζ(3)
π2
gT 3 (24)
for bosons and ζ(3) = 1.20206 is the value of the Riemann zeta function. In both cases p = 13ρ is
obtained. In the non relativistic limit m≫ T , for fermions as well as bosons it is found that
n = g
(
mT
2π
) 3
2
e−
m−µ
T (25)
ρ = nm (26)
p = nT, (27)
where the last relation implies p≪ ρ. Obviously, all N particle species in thermodynamical equilibrium
contribute to the total value of the corresponding thermodynamical quantities, so that, e.g., for the energy
density,
ρR = T
4
N∑
i=1
(
Ti
T
)4 gi
2π2
∫ ∞
xi
(u2 − x2i )
1
2u2du
exp(u− yi)± 1 (28)
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where u ≡ ETi , xi ≡
mi
Ti
and yi ≡ µiTi . Moreover T is the photon temperature. The contributions from non
relativistic particle species are subleading in comparison to the contributions from the relativistic ones.
Therefore to a good approximation the total energy density is given by
ρR =
π2
30
g∗T 4 (29)
and similarly the total pressure pR = 13ρR =
π2
90 g∗T
4 where g∗ counts the total number of relativistic
degrees of freedom, mi ≪ T ,
g∗ =
∑
i=bosons
gi
(
Ti
T
)4
+
7
8
∑
i=fermions
gi
(
Ti
T
)4
. (30)
This is a function of temperature and hence of time as massive species are relativistic at high enough
temperatures, T ≫ mi but become non relativistic once the temperature drops below their rest mass
T ≪ mi at which point they stop contributing. At T ≪ 1 MeV the only relativistic species are 3
species of light neutrinos and the photon. As will be discussed in detail below, at that time photons and
neutrinos do not have the same temperature, but rather satisfy Tν =
(
4
11
) 1
3 Tγ . Thus g∗(T ≪ MeV) =
2× 78 × 3
(
4
11
) 4
3 +2 = 3.36 assuming Dirac neutrinos which introduces the factor 2 since neutrinos and
antineutrinos contribute. For temperatures above 1 MeV also positrons and electrons, each contributing
two degree of freedom, are relativistic so that g∗ = 2+ 78(2+2+2× 3) = 434 = 10.75. At temperatures
above 300 GeV all species of the standard model are relativistic and g∗ is of the order of 100. During the
radiation dominated epoch ρ = ρR. Hence using Eqs. (10) and (29) yields to
H2 = 1.66g
1
2∗
T 2
MP
, (31)
where MP = 1.22 × 1019 GeV is the Planck mass. Primordial nucleosynthesis or big bang nucleosyn-
thesis (BBN) predicts the abundances of hydrogen and of light elements such as deuterium, helium-3,
helium-4, lithium-7 which were synthesized at the end of the first three minutes of the universe. These
predictions are in good agreement with observations. BBN provides important constraints on possi-
ble deviations from the standard model of cosmology and on new physics Beyond the Standard Model
(BSM). One of the key quantities is the ratio of number density of neutrons over the number density of
the protons, denoted np . In thermodynamical equilibrium it is given by
n
p
= e−
Q
T (32)
where Q is the difference in the rest masses of neutrons and protons, Q ≡ mn−mp = 1.293 MeV. Very
early on, at very high temperatures, T ≫ 1MeV, weak interactions are very efficient so that np = 1. The
neutron-proton interconversion rate is given by Γn↔p ∼ G2FT 5 where GF = 1.166× 10−5GeV−2 is the
Fermi constant. At around a temperature TD = 0.7 MeV this conversion rate drops below the expansion
rate determined by the Hubble parameter, H ∼ √g∗ T 2/MP . Using Eq. (32) it follows that the neutron
to proton ratio at freeze-out at around 0.7 MeV is, np =
1
6 . After freeze-out this ratio is only changed by
the decay of the free neutrons, n → p + e + νe. The life time of a free neutron is τ = (885.7 ± 0.8) s.
After some time t the number density of neutrons is given by nn(0)e−
t
τ . Assuming t to be of the order
of 102 s the final value of np is given by
n
p =
1
7 . Using this together with the fact that nearly all neutrons
end up in helium-4 yields an estimate of the primordial mass fraction Yp,
Yp =
2np
1 + np
≃ 0.25. (33)
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The observed value is Yp = 0.2465 ± 0.0097. The nucleosynthesis chain begins with the forma-
tion of deuterium in the process p(n, γ)D. Because of the low density only 2-body reactions, such
as D(p, γ)He3, He3(D, p)He4 are important. The abundances of elements other than helium-4 pro-
duced in BBN are in comparison much smaller. Primordial abundances can be observed in metal low
regions where the abundances of light elements have not been changed by stellar nucleosynthesis (cf.
e.g., [28], [29], [30]).
As described above the Big Bang model fares well with observations. However, there are certain
short comings (e.g., [27, 31]). These include the flatness problem, that is the observation that at present
day the universe is flat. For example, Planck 15 found that |ΩK | < 0.005 [23]. A simple calculation
shows that this requires a severe fine tuning of the initial conditions at the beginning of standard cos-
mology. For the sake of argument assume the universe to be matter dominated throughout its evolution.
Then with Eq. (14)
|Ω− 1| = |k|
a2H2
∼ t 23 . (34)
Assuming that the total density parameter today Ω0 is in the range between 10−2 and 10 requires that at
the time of BBN at around 1s,
|Ω− 1|BBN = |Ω− 1|0
(
t0
tBBN
)− 2
3
⇒ |Ω− 1|BBN < 10−11. (35)
This indicates that a slight change in the initial conditions leads to a completely different universe. In
addition, the horizon problem encapsulates the fact that domains which have been in causal contact have
a limited size. The physical horizon distance is given by
dH(t) = a(t)
∫ t
ti
dt′
a(t′)
∼ H(t)−1 (36)
which determines the maximal separation of two points in causal contact. Going back to the time of
decoupling shows that at this moment the universe consisted of many causally disconnected domains.
This raises the question of how to explain that the amplitude of the fractional temperature fluctuations
of the CMB observed in different directions in the sky is of the order of ∆TT ∼ 10−5. These small
fluctuations also pose a problem in itself for the Friedmann-Robertson-Walker models which are exactly
homogeneous and isotropic. However, for large scale structure formation initial density fluctuations are
a necessary ingredient. Therefore the observations of the CMB anisotropies provide a key piece in the
puzzle of how galaxies and other structures formed in our universe.
The inflationary paradigm solves these problems of the Big Bang model. Inflation is an era before
the beginning of standard cosmology. It is defined as a stage of accelerated expansion of the universe,
a¨ > 0. De Sitter space-time which is characterized by only a positive cosmological constant and no
additional energy density contribution is a typical example of an inflationary solution. In this case H =√
Λ
3 = const. and effectively, p = −ρ. Moreover, in this case the scale factor evolves from some initial
time ti, as
a(t) = a(ti)e
H(t−ti). (37)
The flatness problem is resolved by noticing that in this case the total density parameter is driven towards
unity,
|Ω− 1| = |k|
a2H2
∼ |k|e−2Ht → 0. (38)
The solution to the horizon problem is provided by the observation that the exponential behaviour of the
scale factor allows to enlarge one causal domain sufficiently within a finite amount of time. Thus the
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observable universe originates from one patch in causal contact in the very early universe. The origin
of the density fluctuations are assumed to be quantum fluctuations of a scalar field. One of the simplest
and most studied models of inflation is driven by the potential energy V (φ) of such a scalar field φ [31].
Assuming that the only matter in the universe is given by this scalar field implies that the energy density
and pressure are given by,
ρ =
φ˙2
2
+ V (φ) (39)
p =
φ˙2
2
− V (φ). (40)
Going back to Eq. (11) it can be checked that a¨ > 0 since ρ+ 3p < 0 in this case. The evolution of the
scalar field is determined by the Klein-Gordon equation,
φ¨+ 3Hφ˙ = −dV
dφ
. (41)
The Friedmann equation takes the form
H2 =
8π
3M2P
(
φ˙2
2
+ V (φ)
)
. (42)
One important class of inflationary models uses the slow roll approximation which consists in neglecting
the φ¨ term in Eq. (41) as well as the kinetic energy term in the Friedmann equation, so that
3Hφ˙ = −dV
dφ
(43)
H2 =
8π
3M2P
V (φ). (44)
This results in the expansion of the universe being driven by the potential energy of the scalar field
which is also called the inflaton. There is no clear candidate from particle physics as to what could be
the inflaton. It remains one of the challenges to connect inflation with fundamental particle physics.
The potential is typically chosen to be an even power of φ and the picture is that the scalar field is
slowly rolling down its potential. The possibility for slow roll inflation is determined by the shape of the
potential which is encoded in the slow roll parameters (cf. e.g. [13]),
ǫ(φ) =
M2P
16π
(
V ′
V
)2
(45)
η(φ) =
M2P
8π
V ′′
V
. (46)
The conditions for slow roll inflation are ǫ ≪ 1 and |η| ≪ 1. The field value at the end of inflation is
determined by the condition that the modulus of at least one of the slow parameters reaches unity. The
duration and hence the amount of inflation is measured by the number of e-folds,
N(t) = ln
a(tfin)
a(t)
(47)
where tfin denotes the end of inflation. In slow roll inflation this can be expressed as a function of φ,
N(φ) =
8π
M2P
∫ φfin
φ
dφ
V
V ′
. (48)
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The requirement for successful resolution of the problems with standard cosmology puts a lower bound
on the total amount of e-folds which is typically in the range between 55 and 65. In the inflationary
paradigm the temperature fluctuations and polarization of the CMB as well as the seeds necessary for
large scale structure formation have their origin in the quantum fluctuations of the inflaton. During infla-
tion the physical horizon size determined by H−1 (cf. Eq. (36)) is approximately a constant. This means
that physical wavelengths which were within the horizon at some time are stretched beyond the horizon
at some later time (recall that all physical scales are comoving scales multiplied by the scale factor).
The horizon crossing takes place at λ = 1/(aH) where λ denotes the comoving wavelength. Once a
perturbation is outside the horizon its amplitude freezes and it becomes a classical perturbation. The
spectrum of fluctuations can be calculated by quantizing the inflaton on the homogeneous background.
Quantization of a scalar field on a de Sitter background is a well studied problem. Of course, slow roll
inflation is not exactly a de Sitter background but the spectrum can still be calculated approximately. It
is interesting to note that in the case of power law inflation for which the scale factor evolves as a ∼ tp
and the potential is an exponential potential the spectrum can be found exactly (for a detailed discussion
of this case see, e.g, [18]).
The scalar field can be separated into a homogeneous part φ(t) and a perturbative part δφ(t, ~x)
such that φ(t, ~x) = φ(t) + δφ(t, ~x). Considering the simplest case of a massless scalar field then the
perturbations satisfy in Fourier space for each comoving wave number ~k the mode equation,
δ¨φ~k + 3H
˙δφ~k +
(
k
a
)2
δφ~k = 0. (49)
Quantizing δφ leads to a 2-point function 〈δφ~kδφ~k′〉 =
(
H
2π
)2
δ~k~k′ . Therefore on super horizon scales
classical fluctuations in the scalar field with an amplitude |δφ| ≃ H2π are induced. This in turn induces
curvature perturbations which are imprinted in the CMB. This will be discussed in more detail in the next
section. The phases of each wave are random. At each point in space the sum of all waves is described
by a Brownian motion in all directions implying Gaussian perturbations.
3 The inhomogeneous universe
The cosmic microwave background provides us with a unique window to the physics of the early uni-
verse. To understand its formation it is important to understand the thermal and ionization history of
the cosmic plasma. As the universe expands its temperature T corresponding to the photon temperature
cools down as T ∝ a−1. Very early on, deep inside the radiation dominated era, temperatures are high
enough so that all particles in the cosmic plasma are strongly coupled by interactions. In the best fit
ΛCDM model the initial conditions for the numerical evolution of the perturbations which are imprinted
in the CMB as temperature anisotropies and polarization are set after neutrino decoupling at around 1
MeV. At this time matter in the universe consists of a strongly coupled photon-baryon fluid and cold
dark matter. To complete the model which best fits the data a cosmological constant Λ has to be added.
However, dynamically Λ does not play a role until very close to the present epoch. Dark matter only
interacts gravitationally and its presence is required to provide the gravitational potential field to explain
the observed curvature fluctuations.
Once the temperature of the primordial plasma is low enough electrons and nuclei, mostly protons,
recombine to form neutral atoms, mostly hydrogen. Defining the epoch of recombination by requiring
that the ionization fraction is 0.1 determines the corresponding redshift to be z = 1360 and the temper-
ature is of the order of 4000K. This is much lower than what would be expected if it just depended on
the ionization energy of hydrogen 13.6 eV which corresponds to about 160000 K. This is due to sub-
tleties in the recombination process involving two-photon decay processes (cf., e.g., [32]). The epoch
of decoupling is described to be the moment after which (most) photons will not scatter again. Though
this is not true for all photons since there is a residual ionization fraction of about 10−4. To be more
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precise photon decoupling is defined to be the epoch when the time between scatterings equals the age of
the universe. This defines the surface of last scattering and is the origin of what is observed today as the
cosmic microwave background (CMB). As already mentioned the CMB is remarkably homogeneous and
isotropic. However, there are small temperature fluctuations ∆T/T ∼ 10−5 and it is linearly polarized.
It is precisely these temperature anisotropies and polarization which constrain the physics of the very
early universe and its evolution. As will be discussed later on in more detail at around a redshift z = 10
reionization takes place which generates additional CMB anisotropies and polarization.
Temperature fluctuations Θ(nˆ) = δT/T in the direction nˆ on the sky are expanded in spherical
harmonics Yℓm(nˆ) such that (cf. e.g. [33])
Θ(η,x, nˆ) =
∫
d3k
(2π)3
∑
ℓ
2∑
m=−2
Θ
(m)
ℓ G
m
ℓ (50)
which in general includes contributions from the scalar (m = 0), vector (m = ±1) and tensor (m = ±2)
modes which are uncoupled at linear order. These modes describe the linear perturbations of the metric
as well as the energy momentum tensor in Fourier space. They will be discussed below in more detail.
Moreover,
Gmℓ = (−i)ℓ
√
4π
2ℓ+ 1
Y mℓ (nˆ)e
ik·x. (51)
The two-point function is determined by the corresponding angular power spectrum CXYℓ such that [33]
(2ℓ+ 1)CXYℓ =
2
π
∫
dk
k
2∑
m=−2
k3〈X(m)∗ℓ (η0, k)Y (m)ℓ (η0, k)〉 (52)
where X and Y denote Θ, E, and B. For completeness, also the polarization modes E and B are
included here. The polarization of the CMB will be discussed in more detail below.
The cosmic microwave background has a nearly perfect Planck spectrum at a temperature T0 =
2.7255 ± 0.0006 K at 1-σ [34] which corresponds to the monopole, ℓ = 0. The dipole corresponding to
the multipole ℓ = 1 has the largest amplitude of the temperature fluctuations at 3.372 ± 0.014 mK (95
CL) [3]. It is due to the motion of the solar system with respect to the CMB. An observer moving with
a velocity β = vc relative to an isotropic Planck radiation field of temperature T0 measures a Doppler
shifted temperature pattern,
T (θ) =
T0(1− β2) 12
1− β cos θ ≃ T0
(
1 + β cos θ +
β2
2
cos(2θ) +
β2
2
cos 2θ +O(β3)
)
(53)
observing at every point in the sky a black body spectrum with temperature T (θ). The observed Doppler
shift implies that the barycenter of the solar system is moving with a velocity 371 ± 1 km s−1 rela-
tive to the CMB rest frame in the direction determined by the galactic coordinates (l, b) = (264.14 ±
0.15, 48.26 ± 0.15) which is almost orthogonal to the direction of the Galactic center [3]. Since the
dipole is a frame-dependent quantity it is possible to define an "absolute rest frame" in which the CMB
dipole is zero. Higher order order multipoles, ℓ ≥ 2 carry the information about fluctuations in the matter
density and velocity fields as well as the gravitational field from before last scattering of the present day
CMB photons upto today. There are quite a large number of observations of the CMB: ground based
with radio telescopes, detectors mounted on balloons and satellites. To mention a few examples, the
Atacama Cosmology Telescope (ACT) is a 6m radio telescope situated in the Atacama Plateau in Chile.
It observes the CMB over a large area of the sky at three frequency channels, 148 GHz, 218 GHz and
277 GHz. Observations of the CMB anisotropies are for multipoles 540 < ℓ < 9500 [4]. Another exam-
ple is the South Pole Telescope (SPT) located at the south pole and observing similarly the temperature
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anisotropies for multipoles 2000 < ℓ < 9400 at three frequency bands, namely, 95 GHz , 150 GHz
and 220 GHz [5]. Boomerang was the first balloon experiment to observe the CMB. There were two
flights (1998, 2003) launched from McMurdo Station on a circular path around Antarctica lasting about
10 days [6]. The angular power spectrum of the CMB anisotropies was obtained for 75 < ℓ < 1025
in four 150 GHz channels. The first satellite to observe the CMB was COBE (Cosmic Background ex-
plorer) which was launched by NASA in 1989. Its measurement of the absolute spectrum of the CMB
revealed a nearly perfect black body spectrum. The tiny deviations from the Planck spectrum observed
by the COBE/FIRAS instrument constitute the first observational constraints on spectral distortion of the
CMB. There are proposals for future space missions, such as PIXIE (Primordial Inflation Explorer) [35],
to measure and tighten the constraints on spectral distortions of the CMB together with precise polariza-
tion measurements (B-mode). COBE observed the CMB temperature anisotropies at an effective angular
resolution of 10 degrees in three frequency channels (31.5 GHz, 53 GHz and 90 GHz) [36]. After COBE
the next satellite experiment to observe the CMB temperature anisotropies as well as polarization was
WMAP (Wilkinson Microwave Anisotropy Probe) operated by NASA between 2001 and 2010 observ-
ing in 5 frequency channels (23,33,41,61 and 94 GHz). Angular power spectra cover a multipole range
of 2 ≤ ℓ < 1000 [7]. The Planck mission was on board a satellite operated by ESA. It took data be-
tween 2009 and 2013. It observed the CMB temperature anisotropies and polarization. The temperature
anisotropy angular power spectrum covers the range 2 ≤ ℓ < 2500 observed in separate frequency
channels covering the range 30-857 GHz [8].
The observed CMB temperature perturbations are the result of perturbations of the perfectly
isotropic and spatially homogeneous Friedman-Robertson-Walker background and its matter distribu-
tion. The scales on which the CMB is observed are sufficiently large so that perturbations are still in
the linear regime. At linear order there are three types of perturbations of an FRW background, namely,
scalar, vector and tensor perturbations depending on their behaviour under general coordinate transfor-
mations. Starting with a flat FRW background determined by the line element,
ds2 = a2(η)(dη2 − δijdxidxj) (54)
the most general linear perturbation of the metric is given by
ds2 = a2(η)
[
(1− 2A) dη2 + 2Bidηdxi − [(1 + 2D) δij + 2Eij) dxidxj
]
, (55)
where the metric perturbation variables A, Bi, D and Eij are all functions of space and time and the
Einstein summation convention is used which corresponds to summing over repeated indices. More-
over, latin indices take values between 1 and 3. These functions are expanded in scalar, vector and
tensor harmonics. In the case of scalar and vector perturbations there is an inherent gauge freedom
associated with the metric perturbation variables. This is related to the fact that when perturbing the
metric gµν → gµν + δgµν this can be done using different ways of defining a coordinate system or
in other words, slicings, corresponding to the choice of equal time hypersurfaces. Therefore, two per-
turbations of the same FRW background, with metric tensor, say Gµν and Hµν , are related by a trans-
formation of the space-time coordinates, xµ → x˜µ and the corresponding transformation of the met-
ric tensors, Gµν(xα) → Hµν(x˜α). Since these are perturbations of the same background space-time
the change in the perturbed metric tensor has to be calculated at the same coordinate value, that is
∆Tµν(xα) ≡ Hµν(xα) − Gµν(xα). Calculating this to first order in the perturbations determines the
gauge transformations of the metric perturbation variables (cf. Eq. (55)) as well as the corresponding
linear perturbations of the energy-momentum tensor. Naturally, the physics must not depend on a gauge
choice so all relevant quantities have to be gauge-invariant. Whereas for scalar modes there exists a
number of gauge choices, for vector modes there exist only two gauge choices and the tensor modes are
described by only gauge-invariant quantities. In the following we focus on the scalar mode and choose
the so called conformal Newtonian gauge defined below, in Eq. (61), as well as the gauge-invariant
formulation. The perturbation equations are then derived by calculating the first order perturbation of
Einstein’s equations. For details see, e.g, [37] or [13], [14], [18], [38].
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Long before their decoupling photons are tightly coupled to the rest of the cosmic plasma by
Thomson scattering. This implies that they are in thermal equilibrium and have a Planck distribution.
However, as the universe cools down, Thomson scattering becomes less efficient and photons fall out of
equilibrium perturbing the Planck distribution. In order to calculate the CMB temperature anisotropies
and polarization of the CMB one has to follow the evolution of the photon phase-space distribution in
the perturbed FRW background f(η,x,n, q), given by
f(η,x,n, q) = f(q) + δf(η,x,n, q), (56)
where q = a(η)p(η,x) is the comoving photon energy and f(q) the black body distribution,
f(q) =
1
e
q
T0 − 1
. (57)
Moreover n points along the direction of propagation of the photons. The distribution function is deter-
mined by the Boltzmann equation including a collision term C[f ] (cf., e.g., [13])
∂f
∂η
+
∂f
∂xi
dxi
dη
+
∂f
∂q
dq
dη
+
∂f
∂ni
dni
dη
=
df
dη
≡ C[f ]. (58)
Defining the brightness function Θ ≡ δTT yielding
f(η,x,n, q) =
1
e
q
T0(1+Θ) − 1
(59)
results at first order in
δf(η,x,n, q) = −q df(q)
dq
Θ(η,x,n). (60)
The photon trajectory in the perturbed FRW background can be expressed at first order in terms of
the functions characterizing the linear perturbations of the metric (cf., Eq. (55)). Since at linear order
the perturbation equations for the scalar, vector and tensor modes decouple so do the corresponding
Boltzmann equations. The scalar mode is the most important one to establish the (minimal) ΛCDM
model. Thus, as way of example, we will consider the Boltzmann equation derived for the scalar mode
perturbation of a flat FRW background. The scalar mode perturbation of the metric Eq. (55) in the
conformal Newtonian gauge is given by
ds2 = a2(η)
[− (1 + 2Ψ) dη2 + (1− 2Φ) δijdxidxj] (61)
where Φ and Ψ are called gravitational potentials. This is related to the fact that during the matter
dominated era Φ = Ψ and Newtonian gravity applies on scales well within the horizon with Φ being
the Newtonian gravitational potential. For the scalar mode perturbation, the Boltzmann equation for the
brightness perturbation at linear order in Fourier space, Θ(η,k,n), is given by
∂Θ
∂η
+ ikµΘ− ∂Φ
∂η
+ ikµΨ = C[Θ] (62)
where µ = kˆ·n. Similarly, a Boltzmann equation for the vector as well as the tensor mode can be derived
(for details, see e.g., [37] or [13], [14], [18]). The next step is to expand the brightness perturbation
Θ(η,x,n) in terms of spherical harmonics (cf. equation (50)). This leads to the Boltzmann hierarchy
which determines the evolution of the multipole components Θ(m)ℓ (η,k). For the scalar mode the first
three multipoles determine the energy density perturbation, Θ(0)0 =
δγ
4 , the velocity, Θ
(0)
1 =
Vγ
3 , and
the anisotropic stress of the photon fluid, Θ(0)2 =
πγ
12 . The latter one encodes one of the contributions to
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the deviation from a perfect fluid. There exist a variety of numerical programs to solve the Boltzmann
hierarchy and calculate the CMB anisotropies. These are all open source. The first one was the COSMOS
program [39] followed by CMBFAST [40], CAMB [41], CMBEASY [42] and CLASS [43–46] to mention just
a few. A good reference to find links to these and other programs as well as to published data of many
CMB observations is the NASA Legacy Archive for Microwave Background Data Analysis LAMBDA at
http://lambda.gsfc.nasa.gov/.
The minimal model used to fit the observations of the CMB is the 6-parameter ΛCDM model
in which case initial conditions for the numerical solutions are set after standard model (SM) neutrino
decoupling, thus at T < 1 MeV. At this moment, well within the radiation dominated era, in the universe
the matter is constituted by the already decoupled SM neutrinos, cold dark matter (CDM) and the tightly
coupled baryon-electron-photon fluid. In the latter matter component the Coulomb interaction between
electrons and baryons, that is nuclei, mostly protons (75%) and helium-4 nuclei (<25%) cause locally
equal number densities of electrons and baryons. Photons are tightly coupled to the electron-baryon fluid
via the (non relativistic) Thomson scattering off the (already non-relativistic) electrons and nuclei. The
minimal model is based on the scalar mode with adiabatic initial conditions which will be discussed
below. Extensions of the minimal ΛCDM model include a tensor mode which would be generated if the
relevant cosmological perturbations are generated during inflation. The tensor mode also has a particular
signature in the polarization of the CMB as it generates the B-mode of polarization (see below) which
is why the observation of a primordial B-mode is considered to be a strong indication that inflation took
place in the early universe. Other extensions include massive neutrinos (cf., e.g., [47]) and primordial
magnetic fields, e.g., [48–50]. Primordial magnetic fields source all three types of linear perturbation
modes. In particular, whereas vector modes decay in the standard ΛCDM model they do get sourced by
a primordial magnetic field present before decoupling.
Initial conditions for the cosmological perturbation equations are set well outside the horizon deep
inside the radiation dominated era. For scalar modes adiabatic initial conditions and isocurvature initial
conditions constitute two different classes of initial conditions. Taking as an example the radiation-
baryon fluid then its specific entropy of radiation normalized to the baryon number nb is given by Sγb =
Sγ
nb
. Hence the first order fractional perturbation is given by (cf. e.g. [51])
δSγb
Sγb
=
δSγ
Sγ
− δnb
nb
= 3
δTγ
Tγ
− δnb
nb
=
δργ
ργ + pγ
− δρb
ρb
=
3
4
δγ − δb. (63)
In this case imposing adiabaticity implies
δSγb
Sγb
= 0⇒ 3
4
δγ = δb. (64)
Eq. (63) can be generalized to any other fluid component with equation of state, pj = wjρj , where wj is
a constant, so that in general,
δSγj
Sγj
=
δγ
wγ + 1
− δj
1 + wj
. (65)
Thus for the ΛCDM model adiabatic initial conditions are determined by
1
4
δγ =
1
4
δν =
1
3
δb =
1
3
δcdm. (66)
The amplitude of adiabatic perturbations are characterized by a gauge-invariant quantity, namely, the
curvature perturbation on a uniform density hypersurface ζ . In the gauge invariant formalism it is given
by (cf., e.g., [14])
− ζ = −Φ+Hk−1V (67)
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which for the standard ΛCDM yields to
ζ =
∆γ
4
, (68)
were ∆γ is the gauge-invariant photon energy density contrast. On large scales, this is related to the
curvature perturbation on a comoving slicing by R ≃ −ζ (cf., e.g., [18]).
The minimal, 6-parameter ΛCDM model includes only the scalar, adiabatic mode to source the
density fluctuations necessary to explain the observed CMB temperature anisotropies and polarization.
One of the quests of cosmology is to determine the origin of the corresponding primordial curvature
fluctuations. A promising candidate is single field inflation as it naturally generates adiabatic initial
conditions. At the end of inflation the inflaton decays and the SM particles are created. Since their
overall ratios are fixed, this leads to δ(nA/nB) = 0 implying δSA,B/SA,B = 0 [52, 53]. The comoving
curvature perturbation from single field inflation is give by
R = −H δρ
ρ˙
⇒R = −H δφ
φ˙
. (69)
Using the two point function of the inflaton fluctuations (cf. after Eq. (49)) the two-point function
〈RkRk′〉 = 2π2k3 PRδk,k′ is then determined by the power spectrum
PR(k) = 1
4π
(
H2
φ˙
)2∣∣∣∣∣
k
(70)
which in slow roll inflation can be expressed as [27]
PR(k) = 1
24π2M4P
V
ǫ
∣∣∣∣
k=aH
(71)
where ǫ is one of the slow roll parameters defined in Eq. (46) calculated at horizon crossing. An effective
spectral index can be defined as
n− 1 ≡ d lnPR(k)
d ln k
(72)
which can be expressed in terms of the slow roll parameters as
n(k)− 1 = −6ǫ+ 2η. (73)
In addition often a running of the spectral index is considered,
dn
d ln k
= −16ǫη + 24ǫ2 + 2ξ (74)
where a third slow roll parameter ξ is defined by ξ ≡ M4P
64π2
V ′V ′′′
V 2
. For example, Planck 15 constrains this
scale dependence of the spectral index as [23]
dn
d ln k
= −0.0084 ± 0.0082, P lanck TT + lowP (75)
dn
d ln k
= −0.0057 ± 0.0071, P lanck TT, TE,EE + lowP (76)
where TT denotes the Planck data determining the temperature autocorrelation function, TE the Planck
temperature and E-mode polarization cross correlation data, EE the Planck E-mode auto correlation data
and lowP the low ℓ E-mode polarization data.
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Isocurvature initial conditions have the defining property of a vanishing total curvature perturba-
tion, R = 0. They do, however, imply entropy perturbations between the photons and other types of
matter in the universe as discussed before. In general, these can be generated during multi-field infla-
tion since single-field inflation only excites adiabatic modes. Hence isocurvature initial conditions are
determined by
Sj ≡ δSγj
Sγj
6= 0 (77)
where the index j indicates the type of matter. Each of these defines an independent isocurvature mode.
In the minimal extension of the ΛCDM model isocurvature modes are induced by fluctuations of the
baryon number w.r.t to the photon number density, namely the baryon isocurvature mode (R = 0,
Scdm = 0 = Sν , Sb 6= 0), as well as the CDM isocurvature mode (R = 0, Sb = 0 = Scdm, Scdm 6= 0).
In principle there are also two additional isocurvature modes for the neutrinos. One is the neutrino
density isocurvature mode in which case the initial conditions are determined byR = 0, Sb = 0 = Scdm,
Sν 6= 0. It can be excited similarly to the baryon or CDM isocurvature modes. The other is the neutrino
velocity mode taking into account the evolution of the neutrino anisotropic stress. However, so far there
is no physical mechanism to excite this mode (cf., e.g., [54], [15]).
The resulting angular power spectrum of only isocurvature modes is not compatible with obser-
vations. Though, it is possible to have a relatively small contribution from isocurvature modes with the
total power spectrum clearly dominated by the adiabatic mode. In general, the different modes can have
non-vanishing correlations. Thus there are two parameters to characterize the isocurvature mode con-
tribution. Firstly, there is the primordial isocurvature fraction which in general depends on scale in the
parametrization used in [54],
βiso(k) =
PII(k)
PR(k) + PII(k) (78)
where I denotes the isocurvature mode. Secondly, there is the correlation between the adiabatic mode
(R) and the isocurvature mode (I) which is encoded in the scale independent correlation fraction,
cos∆ab =
Pab
(PaaPbb)
1
2
(79)
where a, b = R,I .
For example, the Planck collaboration finds from the analysis of the 2015 temperature data plus
polarization at low ℓ for the adiabatic mode plus a CDM isocurvature mode that the 95% CL upper
bounds on the scale dependent fractional primordial contribution of isocurvature modes are [54]
100βiso,k=0.002Mpc−1 = 4.1, 100βiso,k=0.050Mpc−1 = 35.4, 100βiso,k=0.100Mpc−1 = 56.9 (80)
and the scale independent primordial correlation fraction, cos∆RI is in the intervall [-30:20].
The Boltzmann hierarchy is solved by a line-of-sight integral [40, 55] which for the brightness
perturbation of the scalar mode is given by
Θℓ
2ℓ+ 1
=
∫ η0
ηin
dηS(k, η)jℓ [k (η0 − η)] , (81)
where jℓ(x) denote the spherical Bessel functions and S(k, η) is the source function which can be written
in terms of different physical contributions Si as (e.g., [14, 56])
S =
∑
i
Si. (82)
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Fig. 5: The optical depth (left), the visibility function (middle) and the ionization fraction (right) for the bestfit
parameters from Planck 15 (TT,TE,EE+lowP+lensing+ext(BAO+JLA+H0)).
The sum includes the Sachs-Wolfe term which is important at low ℓ, corresponding to large angular
scales,
SSW =
g
4
∆γ , (83)
the integrated Sachs-Wolfe term,
SISW = g(Φ + Ψ)− e−τ (Φ˙ + Ψ˙), (84)
the Doppler term involving the gauge-invariant baryon velocity Vb
Sdop = k
−1
(
gV˙b + g˙Vb
)
(85)
and a polarization term
Spol = gP
(0) (86)
involving the quadrupole of the brightness perturbation as well as of the E-mode polarization. Moreover,
g ≡ τ˙ e−τ is the visibility function and τ(t) = σT
∫ t0
t ne(t)dt is the optical depth. The term e
−τ(t)
gives the probability that a CMB photon observed today, that is, at t0, has not scattered since time t.
The optical depth and the visibility function are shown in figure 5. All figures in this section have
been done using the bestfit parameters of the ΛCDM base model derived from Planck 15 temperature,
polarization data, lensing likelihood and additional data from large scale structure and supernovae (BAO,
JLA and H0) at 68 %CL given by Ωbh2 = 0.02230± 0.00014, Ωch2 = 0.1188± 0.0010, zre = 8.8+1.2−1.1,
As = (2.142 ± 0.049) × 10−9, ns = 0.9667 ± 0.0040 [23]. As can be seen it is strongly peaked
around decoupling at around z = 1089.90. Upto a redshift around z = 8.8 the visibility function decays
monotonously and then rises again due to the complete reionization of the universe at late times. This
will be discussed in more detail below. The different contributions to the total angular power spectrum of
the brightness perturbation induced by the adiabatic, scalar mode are shown in figure 6. Also shown are
the binned Planck 2015 data. As can be appreciated from figure 6 different contributions are important
on different scales. On large scales the Sachs-Wolfe plateau can be identified. The subsequent overall
peak structure are an imprint of the acoustic oscillations of the baryon-photon fluid in the tight coupling
regime, long before last scattering of the photons. This can be seen from the evolution equations of the
density contrast and velocities of baryons and photons in the tight-coupling limit for the scalar mode,
which are given in the gauge-invariant formalism (cf. [37]),
∆˙γ = −4
3
kVγ , (87)
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Fig. 6: The angular power spectrum of the temperature autocorrelation function calculated for the bestfit param-
eters from Planck 15 (TT,TE,EE+lowP+lensing+ext(BAO+JLA+H0)). Also shown are the binned Planck 2015
data [57]. The different contributions due to the Sachs-Wolfe effect ("SW"), the integrated Sachs-Wolfe effect
("ISW"), the Doppler term ("Dop") as well as the (amplified) polarization term ("Pol x 100") are also included.
V˙γ = k(Ψ− Φ) + k
4
∆γ − k
6
πγ + τ
−1
c (Vb − Vγ) (88)
and the baryons satisfy,
∆˙b = −kVb − 3c2sH∆b, (89)
V˙b = (3c
2
s − 1)HVb + k(Ψ − 3c2sΦ) + kc2s∆b +Rτ−1c (Vγ − Vb), (90)
where τ−1c = aneσT is the mean free path of photons between scatterings with σT the Thomson cross
section. Moreover, R ≡ 43 ργρb and the c2s =
∂p
∂ρ is the adiabatic sound speed calculated in terms of the
background quantities. Here the dot denotes the time derivative w.r.t. to conformal time η and H = a˙a .
These equations can be combined to yield a second order differential equation for ∆γ which describes a
forced harmonic oscillator [58],
∆¨γ +
R˙b
1 +Rb
∆˙γ + c
2
sbγk
2∆γ ≃ 4k
2
3
2 +Rb
1 +Rb
Φ, (91)
where Rb ≡ 1R and c2sbγ ≡ 13 1Rb+1 is the sound speed of the baryon-photon fluid. For adiabatic initial
conditions this is solved by
∆γ(η) =
1
(1 +Rb)
1
4
[
∆γ(0) cos(krs(η)) +
√
3
k
[
∆˙γ(0) +
1
4
R˙b(0)∆γ(0)
]
sin(krs(η))
+
√
3
k
∫ η
0
dτ ′
(
1 +Rb(η
′)
) 3
4 sin
[
krs(η)− krs(η′)
]
F (η′)
]
(92)
where F (η) ≡ 4k23 2+Rb1+RbΦ and the sound horizon is defined by
rs(η) ≡
∫ η
0
csbγdη
′. (93)
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After the first acoustic peak around ℓ = 220 a clear damping of the amplitude of the subsequent peaks
is observed. This is due to the photon diffusion damping. As the universe cools down the number
of free electrons drastically diminishes as they combine with the nuclei. This implies that the mean
free path of photons increases strongly and tight coupling between the baryon and photon fluids breaks
down. However, as this is not an instantaneous process photons diffuse and later on start free streaming
within the baryon fluid thereby moving baryons out of the potential wells of the CDM gravitational field.
This results in an attenuation of the baryon density perturbation which in turn results in a damping of
the corresponding brightness perturbations which manifests itself in the CMB temperature as well as
polarization angular power spectra. The resulting damping is clearly seen in the numerical solutions of
the Boltzmann hierarchy. However, by using a simple model of a random walk it can also be estimated
and understood physically. It is rather interesting that the effect of the damping is well approximated by
simply multiplying the amplitudes by a factor exp(−k2/k2D(η)) as the comparison between analytical
approximations and numerical solutions shows [58]. Here, k−1D , is the Silk scale or photon diffusion
scale. It is roughly the comoving distance a photon can travel since some initial time. It can be estimated
by modelling the movement of the photon in the local baryon rest frame as a random walk (e.g., [13]).
In this case the mean time between collisions (i.e. scattering off) with electrons is tc ∼ (σTne)−1. The
average number of steps during a time interval t is thus N = t/tc. Therefore, during a time interval t the
photon diffuses a distance of the order d ∼ √Ntc ∼ (ttc) 12 . This yields the physical photon diffusion
scale
ak−1D ≃
(
t
σTne
) 1
2
. (94)
Therefore, the comoving photon diffusion scale evolves with the scale factor during radiation domination
as k−1D ∼ a3/2 and during matter domination as k−1D ∼ a5/4. Each scale k−1 starts out bigger than the
Silk scale at horizon entry. Once kD(η) = k is reached photon diffusion damping sets in.
The amplitude of the angular power spectra depends rather strongly on the cosmological param-
eters. For example, whereas increasing the baryon energy density parameter strongly increases the first
acoustic peak, increasing the total matter energy density lowers the first peak.
Another important observation of the CMB is its linear polarization. This polarization is due to
Thomson scattering of photons off free electrons at around last scattering. The polarization of a plane
electromagnetic wave is commonly determined by the behaviour of its electric field. The magnetic field
is obtained from Maxwell’s equations. The most general form of a homogeneous monochromatic plane
wave travelling in the direction k = knˆ is given by (cf. e.g. [59]),
E = (ǫ1E1 + ǫ2E2) e
i(k·x−ωt) (95)
where ǫi are the polarization vectors which together with nˆ can be chosen to form a right handed or-
thonormal basis. The amplitudes Ei can be conveniently written separating out the phase δi so that
Ei = sie
iδi
, i = 1, 2. The wave is linearly polarized if there is no phase difference, i.e. δ1 = δ2.
In this case the electric field has a constant direction which makes an angle θ = tan−1
(
E2
E1
)
with the
direction ǫ1. Otherwise, in general, the wave is elliptically polarized with the particular case of circular
polarization for which the amplitudes satisfy |E1| = |E2| and the phase difference is |δ1 − δ2| = π2 .
There is another choice of basis vectors instead of those spanning the plane transverse to the direction
of propagation, which is the helicity basis with the basis vectors ǫ± = 1√2 (ǫ1 ± iǫ2). The description
of radiation requires in general four parameters, namely, its intensity, degree of polarization, plane of
polarization and the ellipticity of radiation. These distinct parameters are encoded in a compact way in
the four Stokes parameters (cf. e.g., [60]). The Stokes parameters in terms of the linear polarization basis
vectors ǫ1,2 are given by (e.g., [59])
I = |ǫ1 ·E|2 + |ǫ2 ·E|2 ⇒ I = s21 + s22 (96)
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Q = |ǫ1 ·E|2 − |ǫ2 ·E|2 ⇒ Q = s21 − s22 (97)
U = 2Re [(ǫ1 ·E)∗(ǫ2 ·E)]⇒ U = 2s1s2 cos(δ2 − δ1) (98)
V = 2Im [(ǫ1 ·E)∗(ǫ2 ·E)]⇒ V = 2s1s2 sin(δ2 − δ1) (99)
These satisfy,
I2 = Q2 + U2 + V 2. (100)
Moreover, going to the helicity basis it can be shown that V = s2+ − s2− giving the difference between
the intensities of positive and negative helicity states. From equations (96) to (99) it follows that for
linearly polarized radiation, Q 6= 0, U 6= 0 but V = 0. For circularly polarized light, Q=0=U and
V 6= 0. So far we have considered the case of one monochromatic plane wave. However, in general in
astrophysics and cosmology one would rather expect a diffuse, not monochromatic radiation which is not
100% polarized but rather partially polarized. This type of radiation can be described by the incoherent
sum of unpolarized and fully polarized contributions leading to Q2 + U2 + V 2 < I2. This leads to the
definition of the degree of polarization p,
p =
√
Q2 + U2 + V 2
I
(101)
This reduces to the definition of the degree of linear polarization for V = 0 [61].
Rotating the linear polarization vectors ǫ1,2 by an angle ψ around the normal nˆ, namely, (cf.
e.g. [18])
ǫ′1 = cosψǫ1 + sinψǫ2,
ǫ′2 = − sinψǫ1 + cosψǫ2 (102)
leaves I and V invariant while the combination Q± iU behaves as a spin-2 variable, i.e.
(Q± iU)′ = e∓2iψ(Q± iU). (103)
This makes this combination to be the most useful one to describe the polarization of the CMB. Whereas
the temperature fluctuations or brightness perturbations are expanded in spin-0 spherical harmonics Yℓm
(cf. equation (50)) the CMB polarization variables are expanded in terms of spin-2 spherical harmonics
±2Yℓm such that [33]
(Q± iU)(η,x, nˆ) =
∫
d3k
(2π)3
∑
ℓ
2∑
m=−2
(E
(m)
ℓ ± iB
(m)
ℓ )±2G
m
ℓ , (104)
where ±2Gmℓ = (−1)ℓ
√
4π
2ℓ+1 ±2Y
m
ℓ (nˆ)e
ik·x
. As before, scalar modes correspond to m = 0, vector
modes to m = ±1 and tensor modes to m = ±2. E(m)ℓ and B(m)ℓ are the E-mode and B-mode of
polarization. By using a representation of the spin-2 spherical harmonics in terms of derivative operators
it can be shown that these modes can be written in terms of a gradient and a curl of a field, respectively.
This gave rise to the notation in terms of E-mode (“electric”) and B-mode (“magnetic”).
Before photon decoupling the tight coupling of the baryon-photon fluid is achieved by Thomson
scattering. Its cross section is given by
dσ
dΩ
(
n, ǫ;n(0), ǫ(0)
)
=
3σT
8π
∣∣∣ǫ∗ · ǫ(0)∣∣∣2 (105)
where ǫ(0) and ǫ are the polarization vectors of the incoming and outgoing photons, respectively. The
Thomson cross section is given by σT ≡ 8π3
(
e2
mec2
)2
. The incoming and outgoing propagation directions
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of the photons are n(0) and n, respectively. Thomson scattering does not source circular polarization.
Therefore in the ΛCDM model V = 0 and generally it is not considered in CMB physics though there
are some exceptions. The two polarization vectors of the incoming photons can be chosen in spherical
coordinates as (cf. e.g. [59])
ǫ
(0)
1 = cos θ (ex cosφ+ ey sinφ)− ez sin θ (106)
ǫ
(0)
2 = −ex sinφ+ ey cosφ. (107)
The polarization vectors of the outgoing (scattered) radiation will be chosen along the cartesian coordi-
nate x- and y-axes, respectively, so that
ǫ1 = ex (108)
ǫ2 = ey (109)
Moreover n(0) and n make an angle θ. The differential cross section by definition is the ratio of the
power radiated in the direction n with polarization ǫ per unit solid angle and the unit incident flux which
is the power per unit area in the direction n0 and polarization ǫ0. Thus for scattering of electromagnetic
waves off one electron at a distance r from the electron [59],
dσ
dΩ
(
n, ǫ;n(0), ǫ(0)
)
=
r2 12 |ǫ∗ ·E|2
1
2
∣∣ǫ(0)∗ ·E(0)∣∣2 (110)
where E(0) and E are the electric fields of the incoming and scattered radiation far away from the
scatterer, respectively. Therefore using equations (105) and (110) and defining partial intensities Im ≡
|ǫ∗m ·E|2 and equivalently for the incident radiation, then
Im = r
−2 ∑
n=1,2
(
dσ
dΩ
)(
nˆ, ǫm; nˆ
(0), ǫ(0)n
)
I(0)n . (111)
Assuming that the incident radiation is unpolarized inplies that the intensity only depends on the prop-
agation direction n(0) and not on the polarization vectors thus I(0)n = I(0)n (nˆ(0)) (e.g. [62]). Moreover
I
(0)
1 =
I(0)
2 = I
(0)
2 . Using the expressions (106)-(109) for the polarization vectors and integrating over
all incoming directions n(0) the Stokes parameter Q (cf. equation (97)) reads
Q = −3σT
16π
∫
dΩ
n(0)
r−2I(0)(n(0)) cos(2φ) sin2 θ. (112)
The brightness perturbation Θ is determined by the fractional perturbation of the intensity I . Using the
expansion in terms of spin-0 spherical spherical harmonics Y mℓ (n) (cf. equation (50)) it follows that
the polarization parameter Q is determined by the quadrupole moment of the brightness perturbation
since sin2 θ cos 2φ ∝ [Y 22 (nˆ(0)) + Y −22 (nˆ(0))]. Moreover, since U(nˆ(0)) can be obtained from Q(nˆ(0))
by a coordinate transformation φ → φ − π4 (cf. equation (103)) the corresponding expression for U is
simply given by equation (112) with cos(2φ) replaced by sin(2φ). Therefore, U is also sourced by the
quadrupole of the brightness perturbation since sin2 θ ∝ [Y 22 (nˆ(0))− Y −22 (nˆ(0))].
The evolution of the brightness perturbations indicate that only close to photon decoupling the
amplitude of the multipoles can grow significantly. Thus the primordial polarization is generated at last
scattering. Since it is sourced by the brightness perturbation it also shows the characteristic oscillating
structure imprinted by the oscillations of the baryon photon fluid (cf figure 7). Six acoustic peaks in the
E-mode autocorrelation functions have been observed by ACTPol [63] and SPTPol [64]. The feature
at low ℓ in the angular power spectrum of the auto- and temperature cross correlation function of the
E- mode (cf. figure 7) is due to reionization at low redshifts. In the reionized universe the number of
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Fig. 7: The angular power spectrum of the E-mode autocorrelation function (left) and the cross cor-
relation function of the temperature and E-mode (right) for the bestfit parameters from Planck 15
(TT,TE,EE+lowP+lensing+ext(BAO+JLA+H0)) together with the Planck 2015 [57], ACTPol [63] and SPTPol
[64] data.
free electrons is very large again. Some of the CMB radiation gets re-scattered thereby increasing the
polarization signal.
The first observations that the universe today is completely ionized came from observations of
quasar spectra. The intergalactic medium (IGM) which permeates the space between galaxies can be
probed by its emission and absorption spectra of light from distant background sources. Quasars are ideal
background sources since due to their immense power they can be observed upto very high redshifts.
Hydrogen is the most abundant element in the universe. If hydrogen is neutral in regions along the
line of sight then the Lyman α absorption at the corresponding rest frame wavelengths should lead to
the "Gunn-Peterson trough" in the quasar spectrum at wavelengths shorter than the terrestrial reference
wavelength at λLyα = 121.6 nm. For objects at redshifts beyond the reionization redshift a complete
Gunn-Peterson trough should be observed. Discrete absorption features are observed due to residual
regions of neutral hydrogen which give rise to the so-called Lyman α forrest seen in quasar spectra.
With surveys such as the Sloan Digital Sky Survey (SDSS) a number of quasars at redshifts z ∼> 6 have
been observed. Their spectra show indications for a complete Gunn-Peterson trough and thus imply a
lower limit on the reizonation redshift at around z ≃ 6. Observations of the CMB are well fitted by
assuming instanteneous reionization at a redshift zreio. A typical evolution of the ionization fraction is
shown in figure 5. Planck 15 data are bestfit for a reionization redshift zreio = 8.8+1.2−1.1 at 68%CL (using
the temperature and low ℓ polarization data and lensing reconstruction including external data from BAO
and supernovae observations) [23]. The origin of this reionization of the IGM lies with the formation
of first objects. The first generation of stars, the population III stars, are assumed to be very hot and
massive. Their radiation ionizes the intergalactic gas in their vicinity and thus play an important role in
the reionization of the universe.
The absolute spectrum of the CMB offers another possibility to gain insight into the physical
conditions of the universe during its evolution. The COBE/FIRAS instrument measured the absolute
spectrum of the CMB [36]. The data analysis showed that the CMB is very close to a perfect black
body spectrum. The deviations from a Planck spectrum are very small indeed. These spectral distortions
are classified in two types, namely, µ-type and y-type. They are generated at different times during the
evolution of the universe as the spectral properties depend on the interactions of photons with the cosmic
plasma. Deviations from the Planck spectrum result when energy is injected into the photon distribution
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or the photon occupation number density is changed. This could be caused, e.g., by particle-antiparticle
annihilation reactions XX → γγ or particle decay X → ...γ. Other interesting processes include the
damping of density perturbations (cf. the Silk damping discussed above) [65] or damping of primordial
magnetic fields [66, 67]. If this happens at very early times, at very high energies, corresponding to
redshifts z > 2× 106 then bremsstrahlung and double Compton scattering are very efficient [68]. Since
these interactions do not conserve photon numbers and redistribute photon frequencies a Planck spectrum
can always be re-established. At later times and thus lower temperatures these interactions are no longer
efficient. If the photon energy and/or occupation numbers are suddenly changed for redshifts between
2 × 106 and 4 × 104 photons interact with electrons by elastic Compton scattering. This changes the
photon frequency distribution but not the occupation numbers resulting in a deviation from the Planck
spectrum in the form of a Bose-Einstein spectrum, f = [exp (µ+ hν/kTe)− 1]−1. This gives rise to a
µ-type spectral distortion. For redshifts less than 5×104 elastic Compton scattering becomes inefficient.
Any energy injection at this later times result in a y-type spectral distortion encoded by expanding the
spectrum around the Planck spectrum Bν(T ) as
Bν(T ) + y
∂Sy
∂y
, y =
∫
k (Te − Tγ)
mec2
dτ (113)
where Te is the electron (matter) temperature and Tγ the photon temperature. τ is the optical depth
(as defined above). This separation into epochs when either µ-type or y−type spectral distortions are
generated has been re-fined by including an intermediate era generating an i−type spectral distortion
[69]. The observational limits of COBE/FIRAS are |µ| < 9 × 10−5 and |y| < 1.5 × 10−5 at 95%
CL. There are discussions about future missions, such as the Primordial Inflation Explorer PIXIE [35],
a potential NASA mission, to improve the COBE/FIRAS measurements of the absolute spectrum of the
CMB.
The matter power spectrum provides the initial conditions for large scale structure formation.
Linear density perturbations at some point reach a critical amplitude and enter the non-linear regime
resulting in gravitational collapse and giving rise on larger scales to the nontrivial network of voids,
sheets and filaments as observed in galaxy surveys as well as numerical simulations. The total matter
power perturbation ∆m has a contribution from the perturbation of the cold dark matter component ∆c
as well as in the baryons ∆b,
∆m ≡ Rc∆c +Rb∆b, (114)
where during the matter dominated era Ri ≡ ρiρmatter , i = b, c. The corresponding matter spectrum is
given by
Pm(k) =
k3
2π2
|∆m|2. (115)
The total linear matter spectrum for the adiabatic mode is shown in figure 8. The evolution of the matter
perturbation is determined in general by the continuity equation, (cf., e.g., [70])
∂∆
∂t
+
1
a
∇ · (1 + ∆)u = 0 (116)
and the Euler equation
∂∆
∂t
+Hu+
1
a
[(u · ∇)u+∇φ] = 0 (117)
where u = v−Hx is the peculiar velocity. Moreover, the gravitational potential φ is determined by the
Poisson equation
∇2φ = 4πGρa2∆. (118)
25
10-1
100
101
102
103
104
105
10-4 10-3 10-2 10-1 100 101
P(
k) 
[(M
pc
/h)
3 ]
k [h/Mpc]
Fig. 8: The total linear matter power spectrum for the bestfit parameters from Planck 15
(TT,TE,EE+lowP+lensing+ext(BAO+JLA+H0)).
In the linear regime the equations of linear cosmological perturbation theory are recovered on sub horizon
scales. Beyond the linear regime there are approaches to treat the evolution in a semianalytical way such
as the Zeldovich approximation or the adhesion model. However, in order to obtain a complete picture of
the evolution of the gravitational instabilities and subsequently the distribution of mass in the universe it
is necessary to ressort to numerical simulations. One of the largest simulations done is the Millenium Run
of the Virgo Consortium [71] which uses the publicly available GADGET-2 code [72]. These gravitational
N-body simulations generally confirm the picture of how the complex web of cosmic voids and filaments
forms from the initial, linear density perturbations.
4 Dark matter and dark energy
Determining the velocity dispersions of galaxies in clusters Fritz Zwicky found the first evidence already
in 1933 that there is more matter in the universe than is visible. Typically in spiral galaxies and galaxy
clusters the member objects such as stars, gas clouds or galaxies follow a circular movement around the
center of the corresponding structure. Plotting this radial dependence of the velocities yield the rotation
curves. These show a flattening at large distances from the center which is an indication of the presence of
non luminous matter. The rotational velocities can be estimated from the Doppler shift of spectral line(s)
in the corresponding spectra. In particular, in galaxies the presence of neutral hydrogen gas clouds (HI
clouds) allows to use the Doppler shifts of their 21cm line emission to determine the rotation velocities.
The 21cm line or 1420 MHz radiation emission is due to the transition between the two hyperfine levels
of the 1s ground state of hydrogen. This transition is highly forbidden with a transition probability of
2.6 × 10−15 s−1. However, there is a significant signal due to the large amount of hydrogen in the
universe. Observations of the 21 cm line emission have been an important tool in galactic astronomy. It
is becoming now the future of cosmological observations to explore the universe at high redshifts before
reionization during the so called dark ages. These refer to the epoch after last scattering and before the
formation of the first luminous objects such as the first generation stars (cf. e.g. [73]).
The dynamics can be described by a rather simple model which allows to get an estimate of the
total mass of the structure (cf., e.g., the description in [16, 17]). The rotation curves determine the
rotational velocity vrot(r) as a function of radial distance r from the center. Thus applying Newtonian
dynamics yields to,
GMr
r2
=
v2rot(r)
r
→Mr = v
2
rot(r)r
G
, (119)
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where Mr is the mass within a radius r. The luminous part of matter in spiral galaxies traces out a
central region which has spherical geometry and a disk where the spiral arms are located. For a star in
the central region one expects a linear evolution with radial distance of the rotational velocity. This uses
the observation that typically in the central region the matter density is constant, thus Mr ∝ r3 and
Gr3
r2
=
v2rot
r
⇒ vrot ∼ r. (120)
Since the mass of the central region is dominant over the contribution from the disk to a good approx-
imation it can be assumed that on scales much beyond the central region the mass within a radius r
is constant. Thus for a star or gas cloud outside the central region the rotational velocity behaves as
vrot ∼ r− 12 . Therefore the velocity should increase close to the center and decrease at large distances
from the galactic center. However, the observed rotation curves show a distinct flattening reaching a
plateau at large values of r. This behaviour can be explained by the presence of a galactic halo. Since it
is not observed by electromagnetic radiation but only by its gravitational interaction it has to be made of
dark matter. Observations indicate that the halo mass constitutes 80-90% of the total mass of a galaxy.
This means that light traces only a small part of matter in galaxies and clusters of galaxies. Extrapo-
lating to even larger scales, only a small of the total energy density is visible. The necessity of dark
matter was already encountered in section 3 discussing the observations of the CMB. The bestfit mod-
els clearly require cold dark matter, e.g. the Planck 15 temperature and polarization data constrain
ΩCDMh
2 = 0.02225± 0.00016 at 68% CL [23]. Only including cold dark matter allows to generate the
corresponding density perturbations in the photon radiation field to fit the observed CMB temperature
and polarization anisotropies.
The big question now, of course, is what actually is dark matter. Primordial nucleosynthesis or
BBN (big bang nucleosynthesis) predicts that the baryonic matter density parameter is Ωb ≃ 0.05. How-
ever the luminous part of matter in galaxies and galaxy clusters is estimated to have a density parameter
of the order Ωlum ≃ 0.01. Therefore it is clear that part of dark matter is baryonic. Bayonic dark matter
could be made of Jupiter-like objects or brown dwarfs. The latter are stars with masses less than 10%
of the solar mass implying that their core temperatures are not high enough to start the nuclear reac-
tion chain which fuels the radiation emitted by stars. Other possible contributions to dark matter could
come from black holes. All these objects are called collectively MACHOs which stands for massive
astrophysical halo objects. There is observational evidence for MACHOs since they act as gravitational
lenses leading to the phenomenon of micro lensing. When a MACHO crosses the line-of-sight between
us and a distant star it causes the star to appear brighter. This is due to the gravitational lens effect of the
MACHO, namely, redirecting light into the direction of the observer and hence leading to a maximum in
brightness. Observing this characteristic local maximum in the time depend light curves of distant stars
could be evidence of a microlensing event. The MACHO project has identified several such microlensing
events observing stars in the Magellanic Clouds and the Galactic Bulge [74].
The dominant part of dark matter in the universe is non baryonic. The standard theory is that
these are particles created in the very early universe which are stable enough to survive at least until the
present day. Candidates are massive neutrinos, axions and in general weakly interacting massive particles
(WIMPs). These could be for example supersymmetric partners of the standard model of particle physics.
It is interesting to discuss the case of neutrinos in more detail. There are three families of light
neutrinos in the standard model of particle physics. Oscillations between different neutrino flavors indi-
cate limits on mass differences, e.g., measuring the flux of ν¯e from distant nuclear reactors the bestfit to
the KamLAND data is ∆m2 = 6.9× 10−5eV2 for a mixing angle θ determined by sin2 2θ = 0.91 [75].
A different bound on the masses of neutrinos can be obtained from cosmology as follows. Within stan-
dard big bang cosmology light neutrinos decouple at around 1 MeV as was described above. At this time
neutrinos are relativistic implying that their temperature after decoupling from the rest of the cosmic
plasma evolves as T ∝ 1/a. At the time of neutrino decoupling, photons, neutrinos and the rest of mat-
ter which was in thermal equilibrium have the same temperature. Upto temperatures Tme ≃ me ∼ 0.5
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MeV the temperatures of photons and neutrinos are the same. However, below these temperatures elec-
tron positron pair annihilate thereby reducing the number of relativistic degrees of freedom g∗. Before
electron-positron annihilation the number of relativistic degrees of freedom is determined by photons,
electrons and positrons, namely (cf. [17, 19])
g∗(γ, e+, e−) = 2 +
7
8
× 4 = 11
2
. (121)
At temperatures much below Tme only the photons contribute to g∗, i.e. g∗(γ) = 2. The entropy in a
comoving volume is conserved implying that
S = g∗(Ta)3 = const. (122)
This yields to
(Ta)3T<Tme
(Ta)3T>Tme
=
g∗,T>Tme
g∗,T<Tme
=
11
4
. (123)
As the temperature of the neutrinos evolves as 1/a it follows that (aTν)T>Tme = (aTν)T<Tme . Since
at temperatures T > Tme , neutrinos and photons have the same temperature, Tν = Tγ , equation (123)
implies that for T < Tme
Tγ
Tν
=
(
11
4
) 1
3
≃ 1.4. (124)
Therefore at present there is a background of (light) neutrinos at a temperature
Tν,0 =
(
11
4
)− 1
3
Tγ,0 ⇒ Tν,0 ≃ 1.95 K. (125)
However, so far there has been no direct detection due to the obvious experimental difficulties. The
number density of neutrinos and antineutrinos today is nν = 311nγ yielding nν = 113 cm
−3
. This leads
to a bound on the total mass assuming that the neutrino contribution does not overclose the universe,
namely satisfying the condition, Ω = ρρc ≤ 1. This implies the upper bound∑
e,µ,τ
mνc
2 ≤ 47 eV. (126)
Light neutrinos as dark matter constitute hot dark matter since they are relativistic at decoupling (T ∼ 1
MeV). However, as they stream freely under the influence of gravity they tend to damp out density
perturbations. Therefore the fraction of hot dark matter has to be subdominant w.r.t. cold dark matter.
The number of neutrino species Neff can be constrained with BBN and CMB data. For SM
neutrinos the relativistic energy density is given by
ρr = ργ
[
1 +
7
8
(
4
11
)4
3
]
. (127)
A different value for Neff implies a change in the expansion rate and hence the temperature at freeze-out
of the conversion reaction between protons and neutrons, n ↔ p. This affects the ratio np = e
− Q
TD and
the primordial helium fraction (cf equation (33)). Recent measurements of the primordial deuterium as
well the helium fraction yield [21]
NBBNeff = 2.88 ± 0.16. (128)
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Moreover, changes in the expansion rate at the time of photon decoupling tdec have implications
for the sound horizon rs which is determined by
rs =
∫ tdec
0
cs
dt
a
=
∫ adec
0
cs
a2H
da (129)
as well as the photon diffusion damping scale kD
k−2D (z) =
∫ ∞
z
dz
6H(z)(1 +R)τ˙
(
16
15
+
R2
1 +R
)
(130)
with the differential optical depth τ˙ = neσT aa0 and the evolution of the baryon over photon fraction
R = 34
Ωb,0
Ωγ,0
(1 + z)−1. Thus increasing the effective number of relativistic degrees of freedom decreases
the damping scale leading to an increase of small scale anisotropies. Planck 2015 temperature and
polarization data only [23] constrain the contribution from light neutrinos and any other dark radiation
such that at 68% CL Neff = 2.99± 0.20. When combined with large scale structure data this constraint
becomes Neff = 3.04 ± 0.18.
The experimental evidence of neutrino oscillations implies that neutrinos are massive. The stan-
dard ΛCDM model assumes a mass hierarchy which is dominated by the heaviest neutrino mass eigen-
state implying effectively one massive and two massless neutrinos with
∑
mν = 0.06 eV. However, a
degenerate mass hierarchy is not excluded. The Planck 2015 temperature and polarization data only [23]
contrain the sum of the neutrino masses to be
∑
mν < 0.49 eV and including large scale structure data
leads to the upper bound
∑
mν < 0.17 eV at 95% CL. The absolute neutrino masses can be detected for
example using the induced β decay resulting in limits on m(νe). Tritium β decay experiments such as
KATRIN (e.g., [76]) and PTOLEMY [77] are expected to provide the strongest bounds.
The CMB clearly indicates the presence of a substantial amount of cold dark matter. The term
weakly interacting massive particles (WIMPs) has been introduced to describe hypothetical particles
which could constitute the cold dark matter in the universe. These are particles which are assumed to be
non relativistic at the time of their decoupling from the rest of the cosmic plasma. WIMP candidates are,
e.g., supersymmetric particles. The flat FRW model imposes the constraint on the density parameter of
any WIMP candidate χ that Ωχ < 1 (e.g. [17]). Since at present WIMPs are non relativistic, the density
parameter is determined by
Ωχ =
N(T0)m
ρc
(131)
assuming a WIMP candidate χ with mass m. Moreover, N(T0) = N(TD)
(
T0
TD
)3
is the number density
today and T0 and TD are the temperature today and at "freeze-out" of χχ¯ pair production, respectively.
Assuming that freeze-out takes place during the radiation-dominated era the Hubble parameter is given
by Eq. (31) and the expression for the number density of non relativistic especies, Eq. (25). Moreover at
freeze-out the temperature TD can be estimated by the condition N(TD)〈σv〉 = H(TD) where σ is the
χχ¯ annihilation cross section and v their relative velocity. Therefore the condition Ωχ < 1 can be used
to constrain model parameters.
There are direct as well as indirect experimental searches for WIMP detection within our galaxy.
The former one uses hypothetical WIMP-nucleon scattering within a detector. These signals might have
angular and time dependence due to the motion of the earth. There is a whole range of direct experi-
mental searches going on presently, such as XENON1T [78] or LUX [79]. Indirect searches use decay
products and/or excess radiation of potential WIMP decay or annihilation interactions. There have been
indications of excess γ ray radiation from the galactic center from the FERMI satellite (e.g., [80]) as
well as positron excess from data of the the AMS [81] as well as the HEAT [82] and PAMELA [83]
experiments.
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As was already discussed in section 2 observations show that at present the largest contribution
to the energy density in the universe is due to dark energy. A term which is has been coined to deal
with its unknown origins. Apart form the observations of supernovae and the CMB anisotropies there
is also evidence from large scale structure. Here we are going to focus on the evidence from baryon
acoustic oscillations (BAO) which have been observed in galaxy correlation functions. In section 3 the
acoustic oscillations in the tightly coupled baryon-photon fluid have been discussed. These give rise
to the observed acoustic peak structure in the angular power spectrum of the temperature and polariza-
tion anisotropies of the CMB radiation. Moreover, these also manifest themselves as wiggles in the
matter power spectrum (cf., Fig. 8). This has been observed, e.g., in the Sloan Digital Sky Survey
(SDSS) [84, 85]. In real space, in the two-point galaxy correlation function these acoustic oscillations in
the photon-fluid fluid lead to the already well-detected BAO peak determined by the size of the sound
horizon at decoupling (cf. Eq. (129)), e.g. in the SDSS [86] the BAO peak is detected at 100h−1 Mpc.
This is the largest scale upto which a sound wave can travel before the sound speed in the baryon fluid
decreases dramatically due to the decoupling of the photons. There are several factors which complicate
the detection of the BAO peak in galaxy redshift surveys due to their low redshift such as the nonlinearity
of the density matter field, bias and redshift distortions due to small scale velocities.
The preferred angular separation scale of galaxies marked by the BAO peak can be used as a
standard ruler since it is related to the known scale of of the sound horizon at decoupling, rs. This
provides a measurement across the line of sight determining rs/DA(z) and hence the angular diameter
distance DA as a function of z. There is also the possibility to measure the redshift separation along the
line of sight given by rsH(z). The uncertainty to convert redshifts into distances along and across the
line of sight has led to the definition of the parameter [86]
DV (z) =
[
(1 + z)2DA(z)
cz
H(z)
] 1
3
(132)
whose graph as a function of redshift results in the equivalent of BAO Hubble diagram indicating the
present day acceleration of the universe (eg., from the WiggleZ survey, [87, 88]).
Upto now it is an open problem of what actually causes the observed acceleration of the universe.
There are many possible explanations ranging from a cosmological constant, scalar fields, a gravity the-
ory different from Einstein general relativity, brane world models, etc. However, there is no compelling
candidate. In terms of interpreting the data the simplest approach is to assume a cosmological constant
adding just one parameter, ΩΛ which has an equation equation of state p = −ρ. Considering a more
general equation of state p = wρ where w is a constant the constraint from observations of the CMB
such as, e.g., Planck 15 plus astrophysical data gives w = −1.006 ± 0.045 [23].
If one were to try to connect the observed value of ΩΛ with the expectation value of a vacuum
energy density a simple estimate shows that there is a huge discrepancy between prediction and observa-
tion. Describing vacuum fluctuations in terms of a set of harmonic oscillators at zero point energy yields
the total energy per unit volume of all oscillators (e.g. [17])
ǫ =
~
4π2
∫
ωkk
2dk. (133)
Introducing an upper cut-off km corresponding to a maximal energy Em and considering the relativistic
limit leads to ǫ = E
4
m
16π2(~c)3 . A natural energy scale in the problem is the Planck scale MP for which
ǫ ∼ 10121 GeV leading to
ρΛ
ǫ
≃ 10−121 (134)
for ρΛ = ΩΛρc and ΩΛ ∼ 0.7 and ρc ≃ 5GeV m−3. This encapsulates the cosmological constant
problem (cf., e.g. [89]).
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5 Conclusions
In these lectures we have provided an overview of the current cosmological model together with obser-
vational evidence. Roughly 95 % of the energy density of the universe is in the "dark" sector for which
there is observational evidence but no clear theoretical understanding. There is no shortage of proposals
of models ranging from modifying gravity "by hand", string theory inspired models to various exten-
sions of the standard model of particle physics. However, so far there is no obvious ("natural") model
which stands out. There will be more data and at higher precision from astrophysical and cosmological
observations in the near future. These can also provide useful additional constraints on particle physics
models.
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Appendices
A A brief introduction to the Friedmann-Robertson-Walker models
In the standard model of cosmology gravity is described by general relativity. As in special relativity
space and time are united to describe a space-time. The invariant line element of special relativity is
given by ds2 = ηµνdxµdxν where
ηµν =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (A.1)
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is the Minkowski metric. In general relativity this is determined by ds2 = gµνdxµdxν for a general
metric gµν . Space-time is curved. The dynamics is determined by Einstein’s equations,
Rµν − 1
2
gµνR+ Λgµν = 8πGTµν (A.2)
where the Ricci tensor is defined by Rµν =
∂Γσµν
∂xσ −
∂Γσµσ
∂xν + Γ
σ
ρσΓ
ρ
µν − ΓσρνΓρµσ , the Christoffel symbols
are defined by Γµνρ = g
µσ
2
(
∂gσρ
∂xν +
∂gνσ
∂xρ − ∂gνρ∂xσ
)
and R = gµνRµν is the Ricci scalar. Repeated indices
in pairs with one contravariant and one covariant are summed over. Greek indices take values between
0 and 3. Tµν is the energy-momentum tensor which is conserved, satisfying ∇νT µν = 0. Speaking
in an illustrative way, Einstein’s equations encapsulate that geometry determines matter distribution and
evolution and vice versa. Space-time is curved by the presence of matter. That is why, e.g., the trajectory
of light from distant sources is deviated by the sun. This deflection angle is one of the classical tests of
general relativity.
Einstein’s equations are very complex. There are no general solutions known. It is always neces-
sary to assume some degree of symmetry in order to find solutions. The Friedmann-Robertson-Walker
solutions are isotropic and homogeneous and are described by the metric
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
. (A.3)
The parameter k has only three values: k = 0 for a flat universe, k = −1 for an open one and k = 1
for a closed universe. In many cases matter can be described by a perfect fluid with 4-velocity uµ whose
energy momentum tensor is given by
Tµν = [ρ(t) + P (t)] uµuν + p(t)gµν (A.4)
where ρ(t) and p(t) are the energy density and pressure, respectively, which are only functions of time
in a Friedmann-Robertson-Walker background.
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